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The role of the auxiliary su(2)-algebra proposed by the present authors in the latest
paper is extended. Its aim is to determine the minimum weight states completely. With
the aid of scalar operators for the auxiliary algebra, new aspects are added to the minimum
weight states in the aligned scheme discussed in the latest paper. Some simple examples are
shown.
The su(2)-algebraic many-fermion model has played a central role in the field
of nuclear many-body physics. This model consists of three generators S˜±,0 and the
orthogonal set for the irreducible representation is obtained by operating the raising
operator S˜+ successively on a chosen minimum weight state |m). The state |m)
obeys
S˜−|m) = 0 , S˜0|m) = −s|m) , s = 0, 1/2, 1, 3/2, · · · . (1)
Recently, the present authors published a paper, in which a possible idea for system-
atic construction of |m) is discussed.1) This paper will be referred to as (I). Key to
this problem can be found in introducing another su(2)-algebra, the generators of
which are denoted as R˜±,0 in (I). They satisfy the relation
[ any of R˜±,0 , any of S˜±,0 ] = 0 . (2)
It is important to learn that R˜±,0 are also given in the fermion space giving S˜±,0.
Dynamics under investigation is described by S˜±,0 and R˜±,0 play a supporting role
in the determination of |m). In view of this role, in (I), we called this algebra as the
auxiliary su(2)-algebra.
For the convenience of later discussion, first, main part of (I) is recapitulated
briefly. We treat many-fermion system confined in 4Ω0 single-particle states. Here,
Ω0 denotes integer or half-integer. Since 4Ω0 is an even number, all single-particle
states are divided into equal parts P and P . Therefore, as a partner, each single-
particle state belonging to P can find a single-particle state in P . We express the
partner of the state α belonging to P as α¯ and fermion operators in α and α¯ are
denoted as (c˜α, c˜
∗
α) and (c˜α¯, c˜
∗
α¯), respectively. As the generators S˜±,0, we adopt the
typeset using PTPTEX.cls 〈Ver.0.9〉
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following form:
S˜+ =
∑
α
sαc˜
∗
αc˜
∗
α¯ , S˜− =
∑
α
sαc˜α¯c˜α , S˜0 =
1
2
∑
α
(c˜∗αc˜α + c˜
∗
α¯c˜α¯)−Ω0 . (3)
The symbol sα denotes real number satisfying s
2
α = 1. The sum
∑
α (
∑
α¯) is carried
in all single-particle states in P (P ) and, then, we have
∑
α 1 = 2Ω0 (
∑
α¯ 1 = 2Ω0).
On the other hand, R˜±,0 are defined in the form
R˜+ =
∑
α
c˜∗αc˜α¯ , R˜− =
∑
α
c˜∗α¯c˜α , R˜0 =
1
2
∑
α
(c˜∗αc˜α − c˜∗α¯c˜α¯) . (4)
It is easily verified that the operators (3) and (4) satisfy the relation (2). In (I), we
called the su(2)-algebras (S˜±,0) and (R˜±,0) as the S- and the R-spin, respectively.
The idea for the determination of |m) presented in (I) is summarized as follows:
First, for the determination of the minimum weight state, |m0), for the R-spin, we
set up the relation
R˜−|m0) = 0 , R˜0|m0) = −r|m0) , r = 0, 1/2, 1, 3/2, · · · . (5)
Then, by operating the raising operator R˜+ successively on |m0), the orthogonal set
for the R-spin is obtained as
|m) =
(
R˜+
)λ
|m0) . (6)
The state |m) satisfies the relation (1), if |m0) satisfies
S˜−|m0) = 0 , S˜0|m0) = −s|m0) . (7)
Here, we used the relation (2). The above is our basic idea shown in (I).
In (I), we adopted the following form for |m0):
|m0) =

|0) , (r = 0)
2r∏
i=1
c˜∗α¯i |0) (= |r; (α¯))) . (r = 1/2, 1, 3/2 · · · )
(8)
Here, (α¯) denotes the set (α¯1, α¯2, · · · , α¯2r). Beforehand, the rule of the arrangement
of (α¯) should be provided. For choosing (α¯) for a given value of r, there exist
(2Ω0)!/(2r)!(2Ω0 − 2r)! possibilities. They form the orthogonal set:
(r; (α¯)|r′; (α¯′)) =

2r∏
i=1
δα¯iα¯′i , (r = r
′)
0 . (r 6= r′)
(9)
For the state |r; (α¯)), we have
R˜−|r; (α¯)) = 0 , R˜0|r; (α¯)) = −r|r; (α¯)) , (10a)
S˜−|r; (α¯)) = 0 , S˜0|r; (α¯)) = −s|r; (α¯)) . (s = Ω0 − r) (10b)
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With the use of the above result, the relation (6) leads us to
|m) =
(
R˜+
)r+r0 |m0) = (R˜+)r+r0 |r; (α¯)) = |rr0; (α¯)) . (11)
Clearly, |m) is the minimum weight state of the S-spin and the following relation is
derived:
r + s = Ω0 . (12)
It should be stressed that the magnitudes of the R- and the S-spin are restricted by
the relation (12), which is derived in the frame of the state (8) and 2r denotes the
seniority number. In (I), we called the state (8) as the minimum weight state in the
aligned scheme. Concerning the form (8), we mentioned in the concluding remarks
of (I) (§8) that, by showing an instructive example (two-fermion states), the form
(8) does not cover all cases. It covers only the aligned scheme. In this paper, various
states appear and we omit numerical factor related to the normalization constant of
any state.
Main aim of this paper is to present an extended form of |m0) from the form in
the aligned scheme (8) and the basic idea comes from the extension of the role of the
R-spin, that is, the introduction of scalar operators for the R-spin. For this aim, we
will make a preparatory argument. Let any operator in the present many-fermion
space be denoted as P˜ ∗. Generally, we have the relation
S˜−P˜
∗|r; (α¯)) 6= 0 .
(
S˜−|r; (α¯)) = 0
)
(13)
The relation (13) indicates that P˜ ∗|r; (α¯)) is not minimum weight state for the S-
spin. Then, let us define P˜∗, the counterpart of P˜ ∗, in the form
P˜∗ = −P˜ ∗S˜0 − 1
2
[ S˜− , P˜
∗ ]S˜+ . (14)
The operator P˜∗ satisfies the relation
[ S˜− , P˜∗ ] = P˜ ∗S˜− , (15)
if P˜ ∗ obeys the condition
[ S˜− , [ S˜− , P˜
∗ ] ] = 0 . (16)
The relation (15) leads us to
S˜−P˜∗|r; (α¯)) = 0 . (17)
The above argument tells us that we can construct P˜∗, the counterpart of P˜ ∗ which
obeys the relation (16), and P˜∗|r; (α¯)) is also the minimum weight state of the R-spin.
If P˜ ∗ is a scalar operator for the R-spin, P˜∗ is also scalar:
if [ R˜±,0 , P˜
∗ ] = 0 , [ R˜±,0 , P˜∗ ] = 0 . (18)
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It is also noted that in the case of the product
∏
l P˜
∗
l , we have
S˜−
∏
l
P˜∗l |r; (α¯)) = 0 . (19)
Of course, P˜∗l is the operator derived from P˜ ∗l through the relation (14). For example,
in the case of the product P˜∗1 P˜∗2 , we have
[ S˜− , P˜∗1 P˜∗2 ] =
(
P˜ ∗1 P˜
∗
2 + P˜
∗
1 P˜∗2 + P˜∗1 P˜ ∗2
)
S˜− . (20)
The above is the preparatory argument.
The above argument suggests us that our next task is to search concrete forms
of the scalar operators. We note that the set (c˜∗α, c˜
∗
α¯) composes a spinor, i.e., a tensor
operator of rank 1/2:
[ R˜+ , c˜
∗
α ] = 0 , [ R˜− , c˜
∗
α ] = c˜
∗
α¯ , [ R˜0 , c˜
∗
α ] = +
1
2
c˜∗α , (21a)
[ R˜− , c˜
∗
α¯ ] = 0 , [ R˜+ , c˜
∗
α¯ ] = c˜
∗
α , [ R˜0 , c˜
∗
α¯ ] = −
1
2
c˜∗α¯ . (21b)
By using the above spinors, the following scalar operators can be constructed:
S˜∗µν = c˜
∗
µc˜
∗
ν¯ − c˜∗µ¯c˜∗ν , (S˜∗µν = S˜∗νµ , µ 6= ν) (22a)
S˜∗λ = c˜
∗
λc˜
∗
λ¯ , (S˜
∗
µµ = 2S˜
∗
µ) (22b)
The operators S˜∗µ is a special case of S˜
∗
µν (µ = ν). But, from the reason mentioned
below, it may be convenient to discriminate between both forms for the treating.
The operators (22a) and (22b) have the properties
S˜∗λµ · S˜∗λν = −S˜∗λ · S˜∗µν ,
(
S˜∗µν
)2
= −2S˜∗µ · S˜∗ν . (23)
Further, the operator (22a) satisfies the relation
S˜∗µαi |r; α¯1 · · · α¯i−1α¯iα¯i+1 · · · α¯2r) = (−)φi S˜∗αi |r; α¯1 · · · α¯i−1µ¯α¯i+1 · · · α¯2r) . (24)
Here, (−)φi denotes the phase factor coming from the anti-commutation relation.
The relation (24) teaches us that the operation of S˜∗µν on |r; (α¯)) changes the mini-
mum weight state in the aligned scheme to another, if the subscript µ or ν is identical
to any of (α1, · · · , α2r). In order to make the minimum weight state in the aligned
scheme unchange, we require that on the occasion of operating on |r; (α¯)), the sub-
scripts of any of S˜∗µν are all different from any of (α1, · · · , α2r). Further, the relation
(23) makes us require that on the occasion of successive operation of S˜∗µν etc., all
the subscripts are different from one another. If this requirement is permitted, the
operation of S˜∗µν can be performed independently of the operation of S˜
∗
λ. In other
words, we can forget the composite nature of S˜∗λ and S˜
∗
µν .
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Next, we consider the case of the tensor of rank 1, Q˜
∗(1)
αβ (κ) (κ = +1, 0,−1),
which consist of the products of two fermion creation operators. The operators
Q˜
∗(1)
αβ (κ) are given in the form
Q˜
∗(1)
αβ (+1) = c˜
∗
αc˜
∗
β , Q˜
∗(1)
αβ (0) =
1√
2
(c˜∗αc˜
∗
β¯ + c˜
∗
α¯c˜
∗
β) , Q˜
∗(1)
αβ (−1) = c˜∗α¯c˜∗β¯ . (25)
We can construct the scalar from the tensor (25) in the form
P˜
∗(1)
αβ,λµ =
∑
κ
(−)1−κQ˜∗(1)αβ (κ)Q˜∗(1λµ )(−κ) . (26a)
The operator P˜
∗(1)
αβ,λµ can be rewritten as
P˜
∗(1)
αβ,λµ = −
1
2
(
S˜∗αλS˜
∗
βµ − S˜∗αµS˜∗βλ
)
. (26b)
It is noted that S˜∗αλ etc. in the form (26b) contain the cases α = λ etc. which reduce
to 2S˜∗α etc. Further, we have the following form for the tensor of rank 3/2, which
consist of the products of three fermion creation operators:
Q˜
∗(3/2)
αβγ (+3/2) = c˜
∗
αc˜
∗
β c˜
∗
γ , Q˜
∗(3/2)
αβγ (1/2) =
1√
3
(c˜∗αc˜
∗
β c˜
∗
γ¯ + c˜
∗
αc˜
∗
β¯ c˜
∗
γ + c˜
∗
α¯c˜
∗
β c˜
∗
γ) ,
Q˜
∗(3/2)
αβγ (−1/2) =
1√
3
(c˜∗α¯c˜
∗
β¯ c˜
∗
γ + c˜
∗
α¯c˜
∗
β c˜
∗
γ¯ + c˜
∗
αc˜
∗
β¯ c˜
∗
γ¯) , Q˜
∗(3/2)
αβγ (−3/2) = c˜∗α¯c˜∗β¯ c˜∗γ¯ . (27)
The scalar operator constructed from Q˜
∗(3/2)
αβγ (κ) can be expressed as
P˜
∗(3/2)
αβγ,λµν =
∑
κ
(−)3/2−κQ˜∗(3/2)αβγ (κ)Q˜∗(3/2)λµν (−κ)
= −1
3
(
S˜∗αλS˜
∗
βµS˜
∗
γν + S˜
∗
αµS˜
∗
βνS˜
∗
γλ + S˜
∗
ανS˜
∗
βλS˜
∗
γµ
)
. (28)
In the relation (28), the cases α = λ etc. are also contained. The relations (26b)
and (28) tell us that the scalar operators constructed by the tensors Q˜
∗(1)
αβ (κ) and
Q˜
∗(3/2)
αβγ (κ) can be expressed in terms of S˜
∗
λ and S˜
∗
µν defined in the relation (22).
Judging from the above two cases, probably, the scalar operators constructed from
the tensors of any rank consisting of the products of any number of fermion creation
operators may be expressed in terms of S˜∗λ and S˜
∗
µν . For example, we have the
following case:
P˜
∗(1/2)
αβγ,λµν =
∑
κ
(−) 12−κQ˜∗(1/2)αβγ (κ)Q˜∗(1/2)λµν (−κ)
=
1
6
(
S˜∗αλS˜
∗
βγ S˜
∗
µν − S˜∗αγ S˜∗βλS˜∗µν − S˜∗αµS˜∗βγS˜∗λν + S˜∗αγ S˜∗βµS˜∗λν
)
, (29a)
Q˜
∗(1/2)
αβγ (κ = +1/2) = 〈111/2 −1/2|1/2 1/2〉Q˜∗(1)αβ (+1)c˜∗γ¯
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+〈101/21/2|1/2 1/2〉Q˜∗(1)αβ (0)c˜∗γ
=
1√
6
(
c˜∗αS˜
∗
βγ − c˜∗βS˜∗αγ
)
, (29b)
Q˜
∗(1/2)
αβγ (κ = −1/2) = 〈1−11/2 1/2|1/2 −1/2〉Q˜∗(1)αβ (−1)c˜∗γ
+〈101/2 −1/2|1/2 −1/2〉Q˜∗(1)αβ (0)c˜∗γ¯
=
1√
6
(
c˜∗α¯S˜
∗
βγ − c˜∗β¯S˜∗αγ
)
. (29c)
Here, 〈1 ±1 1/2 ∓1/2|1/2 ±1/2〉 and 〈10 1/2 ±1/2|1/2 ±1/2〉 denote the Clebsch-
Gordan coefficients.
With the use of the scalar operators S˜∗λ and S˜
∗
µν , we define the following state:
|p; (λ), q; (µν), r; (α¯)) = P˜ ∗(p; (λ), q; (µν))|r; (α¯)) , (30)
P˜ ∗(p; (λ), q; (µν)) =
p∏
k=1
S˜∗λk
q∏
j=1
S˜∗µjνj . (31)
If any of (µ1, ν1), · · · , (µq, νq) is different from any other of (µ1, ν1), · · · , (µq, νq) and
also different from any of α1, · · · α2r, we can treat S˜∗λ and S˜∗µν independently of one
another. The set of the states (30) forms an orthogonal set. It can be understood
from the following: The state (30) is an eigenstate of 2Ω0 fermion number operators
with the eigenvalues 0, 1 and 2, where the fermion number operator in the states α
and α¯ is given as
N˜α = c˜
∗
αc˜α + c˜
∗
α¯c˜α¯ . (32)
Any set of the eigenvalues is different from any other one. The state (30) satisfies
the relation
R˜−|p; (λ), q; (µν), r; (α¯)) = 0 , (33a)
R˜0|p; (λ), q; (µν), r; (α¯)) = −r|p; (λ), q; (µν), r; (α¯)) , (33b)
N˜ |p; (λ), q; (µν), r; (α¯)) = n|p; (λ), q; (µν), r; (α¯)) (34a)
N˜ =
∑
α
N˜α , n = 2(p + q + r) . (34b)
However, the state (30) is not minimum weight state for (S˜±,0). Then, replacing
P˜ ∗ with P˜ ∗(p; (λ), q; (µν)) in the relation (15), we obtain P˜∗(p; (λ), q; (µν)) and we
define the state
||p; (λ), q; (µν), r; (α¯)) = P˜∗(p; (λ), q; (µν))|r; (α¯)) . (35)
The state (35) is the minimum weight state of the R-spin and also the S-spin, i.e.,
|m0). With the aid of the successive operation of R˜+, we obtain the minimum weight
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state for (S˜±,0) in the form
||p; (λ), q; (µν), rr0; (α¯)) =
(
R˜+
)r+r0 ||p; (λ), q; (µν), r; (α¯))
= P˜∗(p; (λ), q; (µν))|rr0; (α¯)) , (36)
S˜−||p; (λ), q; (µν), rr0; (α¯)) = 0 , (37a)
S˜0||p; (λ), q; (µν), rr0; (α¯)) = −s||p; (λ), q; (µν), rr0; (α¯)) . (37b)
Here, we have
p+ q + r + s = Ω0 . (38)
The quantity 2(p+ q + r) denotes the seniority number:
n = 2(p + q + r) . (39)
Of course, in the case p = q = 0, the expression (38) is reduced to the previous result
(12), which was derived in (I). We already mentioned that the set of the states (30)
forms the orthogonal set. But, generally, it may be very hard to show that the set
of the states (35) forms the orthogonal set or not.
First, we pay an attention to the following: The operators c˜∗α and c˜
∗
α¯ satisfy
the condition (16). The counterpart of c˜∗α and c˜
∗
α¯, which are denoted by C˜∗α and C˜∗α¯,
respectively, are obtained by replacing P˜ ∗ with c˜∗α and c˜
∗
α¯ in the relation (14) for P˜∗:
C˜∗α = −c˜∗αS˜0 −
1
2
(sαc˜α¯)S˜+ , (40a)
C˜∗α¯ = −c˜∗α¯S˜0 +
1
2
(sαc˜α)S˜+ . (40b)
It is verified that the anti-commutators for all combinations of the operators (40)
vanish. Therefore, the anti-symmetric property of any state constructed by the
operators (40) may be guaranteed. But, the explicit use of the anti-commutation
relations for the operators (40) and their hermitian conjugate may be ineffective,
because their forms are complicated. With the use of the form (40), we get
C˜∗αC˜∗β¯ − C˜∗α¯C˜∗β = (c˜∗αc˜∗β¯ − c˜∗α¯c˜∗β)S˜0
(
S˜0 − 1
2
)
−1
2
S˜+
(
S˜0 − 1
2
)[
sβ(c˜
∗
αc˜β + c˜
∗
α¯c˜β¯ − δαβ) + sα(c˜∗β c˜α + c˜∗β¯ c˜α¯ − δαβ)
]
−1
4
(
S˜+
)2
sαsβ(c˜β¯ c˜α − c˜β c˜α¯) . (41)
We define the counterparts of S˜∗µν and S˜
∗
λ, S˜∗µν and S˜∗λ, in the form
S˜∗µν = C˜∗µC˜∗ν¯ − C˜∗µ¯C˜∗ν , (µ 6= ν) (42a)
S˜∗λ =
1
2
(
C˜∗λC˜∗λ¯ − C˜∗λ¯C˜∗λ
)
. (42b)
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Then, the form (41) leads us to the following:
S˜∗µν = S˜∗µν
(
S˜0 − 1
2
)
S˜0
−1
2
S˜+
(
S˜0 − 1
2
)[
sν(c˜
∗
µc˜ν + c˜
∗
µ¯c˜ν¯) + sµ(c˜
∗
ν c˜µ + c˜
∗
ν¯ c˜µ¯)
]
−1
4
(
S˜+
)2
sµsνS˜µν , (43a)
S˜∗λ = S˜∗λ
(
S˜0 − 1
2
)
S˜0 − S˜+
(
S˜0 − 1
2
)
sλ
2
(
N˜λ − 1
)
− 1
4
(
S˜+
)2
S˜λ . (43b)
First, we investigate S˜∗µν . By operating
∏q
j=1 S˜∗µjνj on |r; (α¯)), we have the following
form:
q∏
j=1
S˜∗µjνj |r; (α¯)) =
(Ω0 − r + q)!
(Ω0 − r)! ·
q∏
j=1
S˜∗µjνj |r; (α¯)) . (44)
For the derivation of the form (44), we used the requirement that any of µ, µ¯, ν and
ν¯ appearing on the second term in the expression (43a) does not appear in the state
|r; (α¯)). The relation (44) tells us that practically we can treat S˜∗µν by regarding it
as S˜∗µν and the factor (Ω0− r)! gives us an inequality r ≤ Ω0. Next, we consider the
relation (43b). For treating S˜∗λ, much more complicated discussion than that in the
case S˜∗µν may be necessary. By calculating
∑
λ sλS˜∗λ, we have the following relation:∑
λ
sλS˜∗λ = −
1
4
(
S˜+
)2
S˜− ,
∑
λ
sλS˜λ = −1
4
S˜+
(
S˜−
)2
. (45)
It is important to see that we have
∑
λ sλS˜∗λ|m) =
∑
λ sλS˜λ|m) = 0. Therefore, ac-
tually, we may regard
∑
λ sλS˜∗λ and
∑
λ sλS˜λ as vanishing operators in the minimum
weight states. Thus, we obtain the minimum weight state in the form
||p; (λ), q; (µν), rr0; (α¯)) = P˜∗(p; (λ), q; (µν))
(
R˜+
)r+r0 |r; (α¯)) , (46)
P˜∗(p; (λ), q; (µν)) =
p∏
k=1
S˜∗λk
q∏
j=1
S˜∗µjνj . (47)
However, generally, it may be impossible to prove if the set of the states (46) is
orthogonal or not. If not, we must derive an appropriate orthogonal set from the set
(46), but, the general case may be impossible.
As the simplest example, we will treat the case of two-fermion minimum weight
states. The state with the case (r = 1, q = 0, p = 0), |r = 1; α¯1α¯2) and the states
obtained under one- and two-time operation of R˜+ are given as
c˜∗α¯1 c˜
∗
α¯2 |0) , (c˜∗α1 c˜∗α¯2 + c˜∗α¯1 c˜∗α2)|0) , c˜∗α1 c˜∗α2 |0) . (48)
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Of course, the seniority number is n = 2r = 2. Next, we treat other cases with
n = 2: (r = 0, q = 1, p = 0) and (r = 0, q = 0, p = 1). For the former and the
latter, the relation (43) leads us to
S˜∗µν |0) =
1
2
Ω0(2Ω0 + 1)S˜
∗
µν |0) , (49)
sλS˜∗λ|0) =
1
2
Ω0(2Ω0 + 1)
(
sλS˜
∗
λ −
1
2Ω0
S˜+
)
|0) . (50)
Explicit form of the state (49) is given as
S˜∗µν |0) =
1
2
Ω0(2Ω0 + 1)(c˜
∗
µc˜
∗
ν¯ − c˜∗µ¯c˜∗ν)|0) . (51)
If µ and ν read α1 and α2, respectively, we can notice the difference between the sec-
ond of the states (48) and the state (51). This is the reply of the problem mentioned
in (I). The relation (50) leads us to∑
λ
sλS˜∗λ|0) = 0 , (52a)∑
λ
zl,λsλS˜∗λ|0) =
1
2
(2Ω0 − 1)
∑
λ
zl,λsλS˜
∗
λ|0) , (52b)
l = 1, 2, · · · , 2Ω0 − 1 .
Here, {zl,λ} denotes an orthogonal matrix in the 2Ω0-dimension, which obey the
condition∑
λ
zl,λzl′,λ = δll′ , zl=0,λ =
(√
2Ω0
)−1
. (l, l′ = 0, 1, 2, · · · , 2Ω0 − 1) (53)
An example of zl,λ is given in the form
zl,λ = 〈jλj−λ|l0〉(−)j−λ . (j = Ω0 − 1/2) (53a)
Here, 〈jλj−λ|l0〉 denotes the Clebsch-Gordan coefficient and the relation 〈jλj−λ|00〉
= (
√
2j + 1)−1(−)j−λ is noted. From the relation (53), the following is derived:∑
λ
zl,λ = 0 . (l = 1, 2, · · · , 2Ω0 − 1) (54)
As is clear from the relation (52a), the state
∑
λ sλS˜∗λ|0) does not exist and the
remaining states
∑
λ zl,λsλS˜∗λ|0) (l = 1, 2, · · · , 2Ω0− 1) form an orthogonal set and
correspond to the case (r = 0, q = 0, p = 1). The set {∑λ zl,λsλS˜∗λ|0)} forms an
orthogonal set. As is shown in the relation (52), they are expressed in terms of the
original fermion operators.
Finally, we will contact with the four-fermion minimum weight states. Discussion
on the minimum weight states in the aligned scheme (r = 2, q = 0, p = 0) is omitted.
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The states with r = 0 are given in the following form:
S˜∗µ2ν2 S˜∗µ1ν1 |0) , (r = 0, q = 2, p = 0) (55a)
sλS˜∗λS˜∗µν |0) , (r = 0, q = 1, p = 1) (55b)
sλ2 S˜∗λ2sλ1S˜∗λ1 |0) , (r = 0, q = 0, p = 2) (55c)
With the use of the relation (42), the state (55a) is rewritten as
S˜∗µ2ν2S˜∗µ1ν1 |0) =
1
4
Ω0(Ω0 − 1)(2Ω0 + 1)(2Ω0 − 1)S˜∗µ2ν2S˜∗µ1ν1 |0) . (56)
The state (55b) is expressed in the form
sλS˜∗λS˜∗µν |0) =
1
4
Ω0(Ω0 − 1)(2Ω0 + 1)
(
2Ω0 − 1
2
)
×
[
sλS˜
∗
λS˜
∗
µν −
1− δλµ − δλν
2(Ω0 − 1) S˜+S˜µν
]
|0) . (57)
We can easily verify the relation(∑
λ
sλS˜∗λ
)
S˜∗µν |0) = 0 . (58)
This is a natural consequence of our treatment based on the relation (45). Further,
we can prove the relation(∑
λ
z
(µν)
l,λ sλS˜∗λ
)
S˜∗µν |0)
=
1
4
Ω0(Ω0 − 1)(2Ω0 + 1)(2Ω0 − 1)
(∑
λ
z
(µν)
l,λ sλS˜
∗
λ
)
S˜∗µν |0) . (59)
Here, z
(µν)
l,λ obeys the condition∑
λ
z
(µν)
l,λ = z
(µν)
l,µ + z
(µν)
l,ν . (60a)
For example, we have the expression
z
(µν)
l,λ = zl,λ + y
(µν)
l,λ ,
∑
λ(6=µ,ν)
y
(µν)
l,λ = zl,µ + zl,ν . (60b)
The relation (59) tells us that the minimum weight state (
∑
λ z
(µν)
l,λ sλS˜∗λ)S˜∗µν |0) can
be explicitly expressed in terms of the original fermion operators. The state (55c) is
expressed as
sλ2S˜∗λ2sλ1 S˜∗λ1 |0) =
1
4
Ω0(Ω0 − 1)(2Ω0 + 1)(2Ω0 − 1)
×
[
sλ2 S˜
∗
λ2sλ1S˜
∗
λ1 |0)−
1− δλ1λ2
2(Ω0 − 1) S˜+
(
sλ1 S˜
∗
λ1 + sλ2S˜
∗
λ2
)
|0)
+
1− δλ1λ2
2(Ω0 − 1)(2Ω0 − 1)
(
S˜+
)2
|0)
]
. (61)
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The state (61) is symmetric with respect to λ1 and λ2 and if λ1 = λ2, this state
vanishes. We can prove∑
λ2
sλ2 S˜∗λ2
 sλ1 S˜∗λ1 |0) = sλ2 S˜∗λ2
∑
λ1
sλ1S˜∗λ1
 |0) = 0 . (62a)
Therefore, naturally we have∑
λ2
sλ2S˜∗λ2
∑
λ1
sλ1S˜∗λ1
 |0) = 0 . (62b)
The above is a natural consequence of our treatment shown in the relation (45).
Moreover, we have∑
λ1λ2
zl2l1,λ2λ1sλ2S˜∗λ2sλ1 S˜∗λ1 |0)
=
1
4
Ω0(Ω0 − 1)(2Ω0 + 1)(2Ω0 − 1)
∑
λ1λ2
zl2l1,λ2λ1sλ2S˜
∗
λ2sλ1 S˜
∗
λ1 |0) . (63)
Here, zl2l1,λ2λ1 obeys the condition
zl2l1,λ2λ1 = zl2l1,λ1λ2 ,
∑
λ2
zl2l1,λ2λ1 = zl2l1,λ1λ1 . (64)
For example, we have
zl2l1,λ2λ1 =
1
2
(zl2,λ2 · zl1,λ1 + zl2,λ1 · zl1,λ2) + xl2l1,λ2λ1 ,∑
λ2(6=λ1)
xl2l1,λ2λ1 = zl2,λ1 · zl1,λ1 . (65)
Next, we consider the states with r = 1:
S˜∗µν |r = 1; α¯1α¯2) , (r = 1, q = 1, p = 0) (66a)
sλS˜∗λ|r = 1; α¯1α¯2) . (r = 1, q = 0, p = 1) (66b)
Of course, the states obtained by the operations of R˜+ and (R˜+)
2 are also the states
with r = 1. In the case of the form (66a), it is simply given as
S˜∗µν |r = 1; α¯1α¯2) =
1
2
(Ω0 − 1)(2Ω0 + 1)S˜∗µν |r = 1; α¯1α¯2) . (67)
It should be noted that the state (67) obeys the rule in which µ, ν, α1 and α2 are
all different of one another. The state (66b) can be written as
sλS˜∗λ|r = 1; α¯1α¯2) =
1
2
(Ω0 − 1)(2Ω0 + 1)
×
(
sλS˜
∗
λ −
1− δλα1 − δλα2
2(Ω0 − 1) S˜+
)
|r = 1; α¯1α¯2) . (68)
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Clearly, we have
∑
λ sλS˜∗λ|r = 1; α¯1α¯2) = 0. For other forms, we have∑
λ
z′l,λsλS˜∗λ|r = 1; α¯1α¯2) =
1
2
(Ω0 − 1)(2Ω0 + 1)
∑
λ
z′l,λsλS˜
∗
λ|r = 1; α¯1α¯2) . (69)
Here, z′l,λ obeys the condition ∑
λ
z′l,λ = z
′
l,α1 + z
′
l,α2 . (70)
For example, we have
z′l,λ = zl,λ + wl,λ ,
∑
λ(6=α1,α2)
wl,λ = zl,α1 + zl,α2 . (71)
If wl,λ is neglected, the operator
∑
λ z
′
l,λsλS˜
∗
λ in the state (69) becomes identical
to the case (52b). We omit the case of three-fermion states which are also simple.
Of course, if we apply the present idea to concrete problems, we must check the
orthogonality of the states (56), (59) and (63). Through this task, yµνl,λ, xl2l1,λ2λ2 and
wl,λ may be determined. But, we do not intend to enter into this problem in this
paper.
In this paper, together with (I), we presented an idea how to construct the
minimum weight states in the su(2)-algebraic many-fermion model. The most im-
portant point can be found in introducing the auxiliary su(2)-algebra, which we
called the R-spin. In addition to the aligned scheme developed in (I), in this paper,
the scalar operators for the R-spin was introduced and we clarified the structure
of the minimum weight states. The seniority number can be expressed in the form
n = 2(r + q + p) and various formulae as functions of 2r appearing in (I) may be
effective, if 2r is replaced with n.
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